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Data driven model selection for same-realization predictions in
autoregressive processes

Kamila Kare

Supervisors: Jean-Marc BARDET, William KENGNE

SAMM, Université Paris 1 Panthéon-Sorbonne

5th May 2021, Ecodep Seminar
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Intuitive Definitions

Let (Xt)t∈Z be a time series (sequence of r.v. on (Ω,A,P))

• (Xt)t∈Z is a stationary process if ∀k ∈ N∗, ∀(t1, . . . , tk) ∈ Zk ,

(
Xt1 , . . . ,Xtk

) D∼
(
Xt1+h, . . . ,Xtk+h

)
for all h ∈ Z.

• Assume that (ξt)t∈Z is a white noise (centered i.i.d.r.v.)

(Xt)t∈Z causal process if ∃H : RN → R such as Xt = H
(
(ξt−k)k≥0

)
.
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Weak dependence

• (Dedecker and Prieur 2005) mixing coefficients

Let M a σ-subalgebra of A and Z a random variable with values in a Banach space(
E , ‖.‖E

)
. Assume that E|Z | < ∞ and define

τ (p)(M,Z ) =
∥∥∥ sup

f ∈Λ(E)

{∣∣∣ ∫ f (x)PZ |M(dx)−
∫

f (x)PZ (dx)
∣∣∣}∥∥∥

p
(1)

where Λ(E ) is the set of 1-Lipschitz function, i.e. the functions f from
(
E , ‖.‖E

)
to R

such that |f (x)− f (y)| ≤ ‖x − y‖E .
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Weak dependence

Let (Zt)t∈Z a strictly stationary sequence. Let set by Mi = σ(Zt , t ≤ i) and if
E(|Z1|) < ∞, let

τ
(p)
Z ,∞(a) = sup

l>0

{
max

1≤k≤l

1
k sup

{
τ (p)

(
Mi , (Zi1 , . . . ,Zik )

)
, i + a ≤ i1 < · · · < ik

}}
.(2)

Finally, the time series (Zt)t∈Z is τ
(p)
Z ,∞-weakly dependent when its coefficients τ

(p)
Z ,∞

tend to 0 as a tends to infinity.

Intuition: at large separations, random vectors are nearly independents.
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AR(∞) Model

With (ξt)t∈Z a white noise,

AR(∞) processes Xt =
∞∑

i=1
θiXt−i + ξt

=⇒ Invertible ARMA(p, q) processes Xt +

p∑
i=1

aiXt−i = ξt +

q∑
i=1

biξt−i .
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A special case of Affine causal model

Causal affine models

Xt = M(Xt−1,Xt−2, . . .) ξt + f (Xt−1,Xt−2, . . .), ∀ t ∈ Z, a.s..

• M(·) and f (·) are real valued function on RN;

• (ξt)t∈Z a white noise with E(ξ0) = 0 and E
(
|ξ0|r

)
< ∞, r ≥ 1.
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Existence and stationarity of causal affine models

We will assume that f and M satisfy Lipschitzian conditions:{
|f (x)− f (y)| ≤

∑∞
j=1 αj(f )|xj − yj |

|M(x)− M(y)| ≤
∑∞

j=1 αj(M)|xj − yj |.

for x = (xj)j∈N and y = (yj)j∈N two sequences of R∞.

Proposition (Doukhan and Wintenberger 2008)
If
∑∞

j=1 αj(f ) +
(
E(|ξ0|r )

)1/r ∑∞
j=1 αj(M) < 1, there exists a unique causal solution

(Xt)t∈Z which is stationary, τ -mixing, ergodic, such as E(|X0|r ) < ∞.
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Consequence for AR(∞)

if (Xt)t∈Z is such that

Xt =
∞∑

i=1
θ∗i Xt−i + ξt where E

(
|ξ0|r

)
< ∞, r ≥ 1 (3)

with

A1 :
∞∑

i=1
|θ∗i | < 1,

then (Xt)t∈Z is stationary, τ -mixing and E(|X0|r ) < ∞.
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Bounding mixing coefficients

Proposition
Assume A1 holds and if |θ∗t | = O(t−γ) with γ > 1, there exists a τ -weakly dependent
stationary solution of (3) and a constant Cτ > 0 such that for r > 0

τ
(2)
X ,∞(r) ≤ Cτ

( log r
r

)γ−1
(4)
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The blocking trick

Let (X1,X2, . . . ,Xn) a trajectory of process (3).

Let denote by X⃗t the random vector X⃗t := (Xt−1, . . . ,Xt−Kn)
⊤ with Kn an integer.

Assume that sn and qn are two integers verifying n = 2 sn qn.

For k = 0, . . . , sn − 1 let denote by

Ak =
(
X⃗2kqn+1, . . . , X⃗(2k+1)qn

)
and Bk =

(
X⃗(2k+1)qn+1, . . . , X⃗(2k+2)qn

)
.
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Coupling Dedecker and Prieur 2005

Proposition
Let (Xt)t∈Z be the stationary mixing process (3). Let also sn, qn, Ak ,Bk defined as
above for k = 0, . . . , sn − 1. There exist random vectors
A∗

k =
(
X⃗ ∗

2kqn+1, . . . , X⃗ ∗
(2k+1)qn

)
, B∗

k =
(
X⃗ ∗
(2k+1)qn+1, . . . , X⃗

∗
(2k+2)qn

)
such that:

1 For k = 0, . . . , sn − 1, A∗
k has the same law as Ak , also B∗

k and Bk .

2 The random vectors (A∗
k)0≤k≤sn−1 are independent and so are the vectors

(B∗
k)0≤k≤sn−1.
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Prediction risk

Assume (X1,X2, . . . ,Xn) is an observed trajectory of process (3) and we want some
way to predict Xn+1 from this trajectory.

Choose some model Sm (here the set of linear functions from RDm to R).
Pick a particular fθ ∈ Sm, we want to know how well that fθ will predict Xn+1.

Prediction risk
The prediction risk of a function fθ for predicting Xn+1 from (X1,X2, . . . ,Xn) is

R(θ) = E
[
(Xn+1 − f n+1

θ )2],
where f n

θ = fθ(Xn−1, . . . ,Xn−Dm).
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Why care about R(θ)

• Measures predictive accuracy on average;

• How much confidence should you have in f ′θs predictions;

• Compare with other models.

Difficulty: Don’t know P the joint distribution of (X1, . . . ,Xn+1)
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Empirical risk

How do we find R(θ)? One could estimate it with

γn(θ) =
1
n

n∑
t=1

(Xt − f t
θ )

2.

From the Uniform LLN
sup
θ∈Θ

∣∣γn(θ)− R(θ)
∣∣ a.s.−→

n→∞
0,

we expect to make R(θ) small despite knowing nothing about P.
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Excess loss

The Bayes predictor which minimizes R(θ) over the set of all predictors is the
inaccessible function fθ∗ .
Let then introduce the excess loss of the predictor fθ

ℓ(θ, θ∗) := R(θ)− R(θ∗) = E
[
(f n+1
θ∗ − f n+1

θ )2] ≥ 0.

For a model Sm, the best predictor is

θ∗m = argmin
θ∈Θm

R(θ)

and its empirical version is
θ̂m = argmin

θ∈Θm

γn(θ). (5)
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Model selection

Let Mn a countable collection of hierarchical model Sm and Kn is the dimension of the
largest model in Mn satisfying |Mn| ≤ Kn < n.

Let pen: Mn → R+ be a penalty function, and define

m̂ = argmin
m∈Mn

{C(m)} with C(m) := γn
(
θ̂m
)
+ pen(Sm). (6)

The best possible choice over Mn is m∗ the so-called oracle defined as

m∗ ∈ arg inf
m∈Mn

ℓ(θ̂m, θ
∗). (7)
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Oracle Inequality

m∗ depends on P and θ∗ that are unknowns
=⇒ m∗ is unachievable.

Goal Propose a data driven penalty in order to mimic the oracle in terms of excess risk

ℓ(θ̂m̂, θ
∗) ≤ C1 inf

m∈Mn

{
ℓ(θ̂m, θ

∗)
}
+

C2
n (8)

with the leading constant C1 close to one and C2 > 0.
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Assumptions

A2 Xt is sub-Gaussian with variance proxy σ2
0 > 0 i.e.

E[eλXt ] ≤ eλ2 σ2
0/2 for any λ > 0.

A3: For any fθ ∈ Sm, < α, ∂θfθ >= 0 a.s. =⇒ α = 0

A4: There exists a constant a > 0 such that inf
−π≤λ<π

g(λ) ≥ a, where

g(λ) = 1
2π
∑
h∈Z

r(h) e−ihλ

A5: a sn
2 min

{(
(r ∧ 1)

26 σ2
0 Kn

)2

,
(r ∧ 1)
27 σ2

0 Kn

}
≥ 3 log n.
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Intermediate Results

For m ∈ Mn, let define Γm,r the set

Γm,r =
{∥∥Σ̂−1

m − Σ−1
m
∥∥op ≤ r

∥∥Σ−1
m
∥∥op

}
,

where Mm =
[
Xi−1, . . . ,Xi−Dm

]n
i=1, Σ̂m = M⊤

mMm and Σm = E
[
Σ̂m
]
.

Proposition
Under assumptions A1 − A5 and if |θ∗t | = O(t−γ) with γ ≥ 8 , it holds

P(Γc
m,r ) ≤

c0
n3 , (9)

for some constant c0 > 0.
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Oracle Inequality

Theorem
Let consider observations (X1, . . . ,Xn) arising from a solution of the process (3)
satisfying A1 with |θ∗t | = O(t−γ) where γ ≥ 8 and also verifying A2 and A4. Let Mn
be some countable family of AR models satisfying A3 and A5. For x ≥ 4, let a penalty
function pen: Mn → R+ such that

pen(Sm) = x σ2 Dm
n . (10)

Then with probability at least 1 − c0 n−2, the LSE θ̂m̂ with m̂ given in (6), satisfies

ℓ(θ̂m̂, θ
∗) ≤ inf

m∈Mn

{
ℓ(θ̂m, θ

∗)
}
+

2 x σ2

n . (11)

Kamila Kare Supervisors: Jean-Marc BARDET, William KENGNE SAMM, Université Paris 1 Panthéon-Sorbonne
Data driven model selection (Ecodep Seminar) 28 / 54



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

AR(∞) Model and some Properties Model Selection Numerical Experiments An Asymptotic Result for Affine causal models References

Theorem
Under the assumptions of the Theorem 1, with the same penalty (10), then with
probability at least 1 − c0 n−2, the LSE θ̂m̂ with m̂ given in (6), satisfies

ℓ(θ̂m̂, θ
∗) ≤ 2 inf

m∈Mn

{
ℓ(θ∗m, θ

∗) + pen(Sm)
}
+

2 x σ2

n . (12)

Corollary
Under the assumptions of Theorem 1, it holds

ℓ(θ̂m̂, θ
∗)

inf
m∈Mn

{
ℓ(θ̂m, θ∗)

} P−→
n→∞

1.
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We generated observations from a causal invertible ARMA(1, 1)

Xt = ϕ0 Xt−1 + ξt + θ0 ξt−1

where the ξ′t s are independent and identically N (0, 1) distributed and

(ϕ0, θ0) ∈
{
(a, b) : a ∈

{
0.9, 0.7, 0.5,−0.9,−0.7,−0.5

}
and b ∈

{
0.8, 0.6,−0.8,−0.6

}}

as in Ing, Wei, et al. 2005.
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For each pair (ϕ0, θ0), we compute an empirical version of

ME :=
ℓ(θ̂m̂, θ

∗)

inf
m∈Mn

{
ℓ(θ̂m, θ∗)

}
with m̂ selected as in (6) where pen(Sm) = x̂ σ2 Dm

n and the optimal constant x̂ has
been calibrated using the dimension jump algorithm implemented in R capushe
package and illustrated in Figure 1.
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Calibration of x

ARMA(1,1) model with ϕ0 = 0.9 and θ0 = 0.7 and a sample size of 500

Figure 1: Dimension Jump
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θ0
ϕ0 n/Kn 0.8 0.6 -0.8 -0.6

0.9 60/8 1.17 1.24 1.21 1.11
120/9 1.10 1.19 1.12 1.06
200/10 1.05 1.16 1.11 1.12
500/12 1.01 1.04 1.13 1.05
1000/13 1.01 1.01 1.04 1.06
2000/15 1.00 1.01 1.03 1.03

0.7 60/8 1.20 1.23 1.15 1.22
120/9 1.15 1.21 1.09 1.16
200/10 1.14 1.18 1.18 1.24
500/12 1.03 1.15 1.09 1.16
1000/13 1.01 1.07 1.11 1.12
2000/15 1.01 1.03 1.03 1.12
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θ0
ϕ0 n/Kn 0.8 0.6 -0.8 -0.6

0.5 60/8 1.25 1.13 1.12 1.14
120/9 1.13 1.11 1.06 1.14
200/10 1.15 1.14 1.07 1.16
500/12 1.08 1.14 1.05 1.10
1000/13 1.03 1.08 1.03 1.10
2000/15 1.01 1.07 1.04 1.11

-0.9 60/8 1.14 1.09 1.17 1.21
120/9 1.10 1.10 1.07 1.14
200/10 1.10 1.11 1.04 1.14
500/12 1.10 1.12 1.02 1.04
1000/13 1.04 1.08 1.01 1.02
2000/15 1.07 1.04 1.00 1.01
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θ0
ϕ0 n/Kn 0.8 0.6 -0.8 -0.6

-0.7 60/7 1.17 1.21 1.20 1.17
120/8 1.14 1.21 1.11 1.11
200/9 1.18 1.12 1.12 1.21
500/12 1.11 1.12 1.03 1.13
1000/13 1.06 1.05 1.01 1.07
2000/15 1.05 1.11 1.00 1.03

-0.5 60/8 1.10 1.22 1.13 1.12
120/9 1.12 1.13 1.14 1.12
200/10 1.09 1.08 1.14 1.08
500/12 1.06 1.17 1.11 1.08
1000/13 1.05 1.12 1.04 1.06
2000/15 1.04 1.07 1.01 1.09
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Examples

• AR(∞) processes Xt =
∞∑

i=1
θiXt−i + ξt

=⇒ Causal ARMA(p, q) processes Xt +

p∑
i=1

aiXt−i = ξt +

q∑
i=1

biξt−i .

• ARCH(∞) processes, (Robinson, 1991), with b0 > 0 and bj ≥ 0{
Xt = σtξt ,
σ2

t = ϕ0 +
∑∞

j=1 ϕjX 2
t−j .

=⇒ GARCH(p, q) processes, with c0 > 0, cj , dj ≥ 0, cp, dq > 0{
Xt = σtξt ,
σ2

t = c0 +
∑p

j=1 cjX 2
t−j +

∑q
j=1 djσ

2
t−j
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Extensions of univariate ARCH models

• TGARCH(∞) processes, (Zakoïan, 1994), with b0, b+
j , b−

j ≥ 0
Xt = σt ξt ,

σt = b0 +
∞∑

j=1

[
b+

j max(Xt−j , 0)− b−
j min(Xt−j , 0)

] .

• APARCH(δ, p, q) processes, (Ding et al., 1993)
Xt = σt ζt ,

σδ
t = ω +

p∑
j=1

αi(|Xt−i | − γiXt−i)
δ +

∑q
j=1 βjσ

δ
t−j ,

with δ ≥ 1, ω > 0, −1 < γi < 1 and αi , βj ≥ 0.
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Combinations of models

• ARMA-GARCH processes, (Ding et al., 1993, Ling and McAleer, 2003)
Xt =

p∑
i=1

aiXt−i + εt +
q∑

j=1
bjεt−j ,

εt = σt ζt , with σ2
t = c0 +

p′∑
i=1

ciε
2
t−i +

q′∑
j=1

djσ
2
t−j

• ARMA-APARCH processes, (Ding et al., 1993)
Xt =

p∑
i=1

aiXt−i + εt +
q∑

j=1
bjεt−j ,

εt = σt ζt , with σδ
t = ω +

p′∑
j=1

αi(|Xt−i | − γiXt−i)
δ +

q′∑
j=1

βjσ
δ
t−j
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Quasi-likelihood contrast

Let (X1, . . . ,Xn) an observed trajectory of an CA(Mθ∗ , fθ∗)

Xt = Mθ∗(Xt−1,Xt−2, . . .) ξt + fθ∗(Xt−1,Xt−2, . . .), ∀ t ∈ Z.

Goal: Prediction of Xn+1.

Given a predictor θ, we measure its quality by the risk defined as

R(θ) := Pγ(θ) = E[γ(θ,X1)]

with γ(θ,Xt) :=
(Xt − f t

θ )
2

Ht
θ

+ log(Ht
θ), and


f t
θ := fθ

(
(Xt−k)k≥1

)
Mt

θ := Mθ

(
(Xt−k)k≥1

)
Ht
θ :=

(
Mt

θ

)2
(13)
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Quasi-likelihood contrast

Let set by γn the associated empirical criterion

γn(θ) := Pnγ(θ, .) =
1
n

n∑
t=1

γ(θ,Xt).

Problem γn is not computable since it depends on (Xt)t≤0 that are unobserved.
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Quasi-likelihood contrast

Introduce an approximation of the empirical risk:

γ̂n(θ) :=
1
n

n∑
t=1

γ̂(θ,Xt)

with γ̂(θ,Xt) :=
(Xt − f̂ t

θ )
2

Ĥt
θ

+log(Ĥt
θ) and


f̂ t
θ := fθ(Xt−1,Xt−2, · · · ,X1, u)

M̂t
θ := Mθ(Xt−1,Xt−2, · · · ,X1, u)

Ĥt
θ := (M̂t

θ)
2

(14)

for any deterministic sequence u = (un)n∈N with finitely many non-zero values (we will
use u = 0 without loss of generality).
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Penalization procedure

Given a finite family of affine models M, the goal is to come up with the model that
verifies

inf
m∈M

ℓ(θ̂m, θ
∗). (15)

where θ̂m = argmin
θ∈Θm

γ̂n(θ).

Then define for some penalty pen: m ∈ M 7→ pen(m) ∈ R+,

m̂pen = argmin
m∈M

{
Ĉpen(m)

}
with Ĉpen(m) := γ̂n

(
θ̂m
)
+ pen(m). (16)

In order to achieve (15), the ideal penalty to consider in (16) is

penid(m) = R(θ̂m)− γ̂n(θ̂m). (17)
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Computation of the ideal penalty?

Obviously, penid is not accessible.

=⇒ Asymptotic approximation?

Extra assumptions
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Computation of the ideal penalty?

Obviously, penid is not accessible.

=⇒ Asymptotic approximation?

Extra assumptions
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Assumptions

Assumption A0: The process X ∈ AC(Mθ∗ , fθ∗) verifies:
• the white noise (ξt)t is such as ‖ξ0‖r < ∞ with 8 < r ;
• for any x ∈ R∞, the functions θ → Mθ and θ → fθ are C2(Θ) functions:
• Θ ∈ Rd is a compact set such as

Θ ⊂
{
θ ∈ Rd , A(fθ, {θ}) and A(Mθ, {θ}) hold with

∞∑
k=1

αk(fθ, {θ}) + ‖ξ0‖r

∞∑
k=1

αk(Mθ, {θ}) < 1
}
. (18)
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Assumptions

• A1: For all θ, θ′ ∈ Θ, (f 0
θ = f 0

θ′ and M0
θ = M0

θ′) a.s. =⇒ θ = θ′.

• A2: < α, ∂θf 0
θ >= 0 =⇒ α = 0 a.s. or < α, ∂θH0

θ >= 0 =⇒ α = 0 a.s.

• A3: ∃h > 0 such that inf
θ∈Θ

(Hθ(x)) ≥ h for all x ∈ R∞.

• A4: For every m ∈ M, if (θm,n) is a sequence of Θm satisfying θm,n
a.s.−→

n→∞
θ∗m,

then
lim sup

n→∞

{
E
[(∥∥∥(∂2

θiθjγn(θm)
)

i ,j∈m

)−1∥∥∥8]}
< ∞. (19)
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Assumptions

• A1: For all θ, θ′ ∈ Θ, (f 0
θ = f 0

θ′ and M0
θ = M0

θ′) a.s. =⇒ θ = θ′.

• A2: < α, ∂θf 0
θ >= 0 =⇒ α = 0 a.s. or < α, ∂θH0

θ >= 0 =⇒ α = 0 a.s.

• A3: ∃h > 0 such that inf
θ∈Θ

(Hθ(x)) ≥ h for all x ∈ R∞.

• A4: For every m ∈ M, if (θm,n) is a sequence of Θm satisfying θm,n
a.s.−→

n→∞
θ∗m,

then
lim sup

n→∞

{
E
[(∥∥∥(∂2

θiθjγn(θm)
)

i ,j∈m

)−1∥∥∥8]}
< ∞. (19)
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Assumptions

• A1: For all θ, θ′ ∈ Θ, (f 0
θ = f 0

θ′ and M0
θ = M0

θ′) a.s. =⇒ θ = θ′.

• A2: < α, ∂θf 0
θ >= 0 =⇒ α = 0 a.s. or < α, ∂θH0

θ >= 0 =⇒ α = 0 a.s.

• A3: ∃h > 0 such that inf
θ∈Θ

(Hθ(x)) ≥ h for all x ∈ R∞.

• A4: For every m ∈ M, if (θm,n) is a sequence of Θm satisfying θm,n
a.s.−→

n→∞
θ∗m,

then
lim sup

n→∞

{
E
[(∥∥∥(∂2

θiθjγn(θm)
)

i ,j∈m

)−1∥∥∥8]}
< ∞. (19)
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Assumptions

• A1: For all θ, θ′ ∈ Θ, (f 0
θ = f 0

θ′ and M0
θ = M0

θ′) a.s. =⇒ θ = θ′.

• A2: < α, ∂θf 0
θ >= 0 =⇒ α = 0 a.s. or < α, ∂θH0

θ >= 0 =⇒ α = 0 a.s.

• A3: ∃h > 0 such that inf
θ∈Θ

(Hθ(x)) ≥ h for all x ∈ R∞.

• A4: For every m ∈ M, if (θm,n) is a sequence of Θm satisfying θm,n
a.s.−→

n→∞
θ∗m,

then
lim sup

n→∞

{
E
[(∥∥∥(∂2

θiθjγn(θm)
)

i ,j∈m

)−1∥∥∥8]}
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Asymptotic expansion of the ideal penalty

Proposition
Under assumptions A0-A5 and for any m ∈ M, there exists a bounded sequence
(v∗

n )n∈N∗ not depending on m satisfying

E
[
penid(m)

]
∼

n→∞

(1
n Trace

((
F (θ∗m)

)−1 G(θ∗m)
))

+
v∗

n
n , (20)

with
F (θ∗m) :=

(
E
[
∂2
θi θjγ(θ

∗
m,X0)

])
i ,j∈m

and
G(θ∗m) :=

1
4

(∑
t∈Z

Cov
(
∂θiγ(θ

∗
m,X0) , ∂θjγ(θ

∗
m,Xt)

))
i ,j∈m
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Asymptotic efficiency

Theorem
Under assumptions A0-A5, then

1 Assume that for any ε > 0 there exists Kε > 0 such as

P
(
lim sup

n→∞
max
m∈M

(
n pen(m)

)
≥ Kε

)
≤ ε. (21)

Then for any ε > 0, there exists Mε > 0 and Nε ∈ N∗ such as for any n ≥ Nε,

P
(
ℓ(θ̂m̂pen , θ

∗) ≤ inf
m∈M

{
ℓ(θ̂m, θ

∗)
}
+

Mε

n

)
≥ 1 − ε. (22)
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Asymptotic efficiency

Theorem
2 Define for m ∈ M,

p̃en(m) :=
1
n Trace

((
F (θ∗m)

)−1 G(θ∗m)
)
. (23)

Then for any η > 0, there exists Nη ∈ N∗ such as for any n ≥ Nη,

E
[
ℓ(θ̂m̂p̃en , θ

∗)
]
≤ E

[
min

m∈M

{
ℓ(θ̂m, θ

∗)
}]

+
η

n . (24)
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Thank you
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