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Motivation: Estimation of integer-valued time series

(Yt)t∈N such that

Yt ∣ Yt−1,Yt−2, ... ∼ Poisson(λt),

where e.g.
λt = f (Yt−1, λt−1, t/n,Zt),

i.e., conditional expectation depends on

lagged variable(s), lagged intensity/ies, trend, exogenous variable(s)

nonparametric (time series) regression:

Yt = f (Yt−1, λt−1, t/n,Zt) + εt , E(εt ∣ Yt−1, . . .) = 0 a.s.

particular challenge: explanatory variables not “regularly” distributed
Ô⇒ suitability of standard nonparametric methods (kernel,...) not clear
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Motivation: Estimation of integer-valued time series

On the other hand...
... linear models, e.g. integer-valued AR(p):

λt = θ0 + θ1Yt−1 + ⋯ + θpYt−p

Natural condition: θ0 > 0, θ1, . . . , θp ≥ 0
Ô⇒ f ∶ Rp → R isotonic (non-decreasing in each component)
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Isotonic regression: Classical least squares estimator

Yt = f (It) + εt , t = 1, . . . ,n,

It d-dimensional information variable

E(εt ∣ It) = 0 a.s.

f ∶ Rd → R isotonic

Isotonic least squares estimator:

f̃n ∈ arg min
g isotonic

n

∑
t=1

(Yt − g(It))2

Neumann (Jena) Isotonic regression September 9, 2020 5 / 15



Isotonic regression: Classical least squares estimator

Yt = f (It) + εt , t = 1, . . . ,n,

It d-dimensional information variable

E(εt ∣ It) = 0 a.s.

f ∶ Rd → R isotonic

Isotonic least squares estimator:

f̃n ∈ arg min
g isotonic

n

∑
t=1

(Yt − g(It))2

Neumann (Jena) Isotonic regression September 9, 2020 5 / 15



Isotonic regression: Classical least squares estimator

Advantages of f̃n:

no bandwidth choice necessary

d = 1: irregular distribution of It doesn’t harm,

∫ ∣f̃n(x) − f (x)∣dP It(x) converges with optimal rate n−1/3

Appropriateness of isotonicity condition?

many parametric models for integer-valued time series produce
isotonic conditional mean functions

applications in many areas:
biology, medicine, statistics, psychology, genetics

(see. e.g. Luss, Rosset & Shahar (Ann. Statist., 2012))
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Classical isotonic least squares estimator: Details
Alternative representation of f̃n:
If x ∈ {X1, . . . ,Xn}, then (Brunk, 1955)

f̃n(x) = max
U ∶ x∈U

min
L∶ x∈L

AvY (L ∩U)

= min
L∶ x∈L

max
U ∶ x∈U

AvY (L ∩U),

where

AvY (S) = ∑
n
t=1Yt 1(It ∈ S)

#{t ≤ n∶ It ∈ S}
,

L lower set
(y ∈ L, z ⪯ y ⇒ z ∈ L)

U upper set
(y ∈ U, z ⪰ y ⇒ z ∈ U)

z ⪯ y means zi ≤ yi
∀i = 1, . . . ,d
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A modified estimator

d = 1: f̃n can be easily analyzed, rate of convergence n−1/3

d > 1:
▸ Hanson, Pledger & Wright (1973): f̃n consistent at continuity points
▸ problem: huge number of lower and upper sets

(metric and bracketing entropies very large; see e.g. Gao & Wellner
(2007) and Wu, Meyer & Opsomer (2015))

▸ Gao & Wellner (2007): In density estimation, suboptimal rate of
convergence for the (histogram-based) MLE if d ≥ 2 ...

Alternative estimators:

f n(ν) = max
a∶ a⪯ν

min
b∶ b⪰ν

AvY (⟦a,b⟧),

f n(ν) = min
b∶ b⪰ν

max
a∶ a⪯ν

AvY (⟦a,b⟧)

where ⟦a,b⟧ = [a1,b1] ×⋯ × [ad ,bd]
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A modified estimator

If x /∈ {I1, . . . , In}, take care that only averages over rectangles ⟦a,b⟧ with
⟦a,b⟧ ∩ {I1, . . . , In} ≠ ∅ are taken ...

Then:

f n, f n isotonic (by construction)

converge with desired rate, no bandwidth choice required

Proposed estimator:

f̂n(x) = f n(x) + f n(x)
2
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Main result: What could be expected?

f ∶ [0,1]d Ð→ R isotonic + bounded (+ differentiable)
⇒ ∫ ∑d

i=1 ∣∂i f ∣ < ∞,
i.e. degree of smoothness β = 1
⇒ (standard) rate of convergence n−β/(2β+d) = n−1/(2+d)

No guarantee for a good pointwise behavior!

Since smoothness is measured in L1, we consider L1-loss, ∫ ∣f̂n − f ∣dP I1
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Main result (... a special case)

Yt = f (It) + εt , t = 1, . . . ,n,

f ∶ Rd → R isotonic, bounded

(It)t∈N stationary, It has a continuous distribution,

E(εt ∣ I1, . . . , It , ε1, . . . , εt−1) = 0 a.s.,

E(ε2t ∣ I1, . . . , It , ε1, . . . , εt−1) ≤ M < ∞ a.s.

c Q1 ⊗⋯⊗Qd(⋅) ≤ P(It ∈ ⋅) ≤ c Q1 ⊗⋯⊗Qd(⋅),

for some 0 < c ≤ c <∞, Q1, . . . ,Qd probability distributions

(It)t strong (α−) mixing, ∑∞r=1 rd−1/2α(r) < ∞
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Main result: A special case

information variable It has a density, bounded from zero on [0,1]q

hn = n−1/(2+d) (≈ optimal bandwidth)

Dn = [hn,1 − hn]d

Theorem 3.1.

∫
Dn

∣f̂n(z) − f (z)∣ dP I1(z) = OP (n−1/(2+d)) .
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Proof of Theorem 3.1

∫
Dn

∣f̂n(z) − f (z)∣ dP I1(z)

= ∫
Dn

(f̂n(z) − f (z))+ dP
I1(z) + ∫

Dn

(f̂n(z) − f (z))− dP
I1(z)

For appropriate bn = bn(z) ⪰ z :

(f̂n(z) − f (z))+
≤ (max

a∶ a⪯z AvY (⟦a,bn⟧) − f (z))
+

≤ (f (bn) − f (z)) + (max
a∶ a⪯z Avε(⟦a,bn⟧))

+
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Proof of Theorem 3.1 (cont’d)

Since supz f (z) − infz f (z) <∞,

∫
Dn

(f (bn) − f (z)) dP It(z) = O (n−1/(2+d)) .

Theorem 1 of Bickel & Wichura (1971) (on fluctuations of an empirical
process...):

∫
Dn

(max
a∶ a⪯z Avε(⟦a,bn⟧))

+
dP It(z) = OP (n−1/(2+d)) .
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Summary

Time series regression: (general case)

Yt = f (It) + εt , t = 1, . . . ,n

It = (X ′
t ,Z

′
t)′, Xt ∈ Np

0 , Zt q-dim., continuous

f ∶ Rp+q → R isotonic and bounded

f̂n (modified) nonparametric isotonic estimator

no choice of smoothing parameter required

rate of convergence: n−1/(1+q) (optimal for degree of smothness
β = 1, dimension q)
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