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@ Motivation: Estimation of integer-valued time series
@ Classical isotonic least squares estimator
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Motivation: Estimation of integer-valued time series
(Y%)ten such that
Y| Yi-1, Yieo, ... ~ Poisson(Az),

where e.g.
)‘t = f(Yt—h )‘t—17 t/n7 Zt)a

i.e., conditional expectation depends on

o lagged variable(s), lagged intensity/ies, trend, exogenous variable(s)

nonparametric (time series) regression:

Yt = f(Yt_l,)\t_l,t/n, Zt) + &g, E(€t| Yt_l,...) =0 a.s.

particular challenge: explanatory variables not “regularly” distributed
= suitability of standard nonparametric methods (kernel,...) not clear
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Motivation: Estimation of integer-valued time series

On the other hand...
... linear models, e.g. integer-valued AR(p):

)\t = 00 + 01Yt_1 + e+ 9th_p
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Motivation: Estimation of integer-valued time series

On the other hand...
... linear models, e.g. integer-valued AR(p):

)\t = 00 + 01Yt_1 + e+ 9th_p

Natural condition: 6 >0, 601,...,0,>0
== f: RP - R isotonic (non-decreasing in each component)

Neumann (Jena) Isotonic regression September 9, 2020

4/15



Isotonic regression: Classical least squares estimator

Yt:f(lt)+€t, t=1,...,n,

@ [+ d-dimensional information variable
o E(Et | lt) =0 a.s.
o f: R? 5 R isotonic
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Isotonic regression: Classical least squares estimator

Yt:f(lt)+€t, t=1,...,n,

@ [+ d-dimensional information variable
o E(€t | lt) =0 a.s.
o f: R? 5 R isotonic

Isotonic least squares estimator:
n

foearg min > (Yi-g(l))?

g isotonic ;77
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Isotonic regression: Classical least squares estimator

Advantages of Z,:
@ no bandwidth choice necessary

o d =~1: irregular distribution of I; doesn't harm,
[ 1f2(x) = F(x)| dP"(x) converges with optimal rate n~1/3
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Isotonic regression: Classical least squares estimator

Advantages of ?;:
@ no bandwidth choice necessary

o d =~1: irregular distribution of I; doesn't harm,
[ 1f2(x) = F(x)| dP"(x) converges with optimal rate n~1/3

Appropriateness of isotonicity condition?

@ many parametric models for integer-valued time series produce
isotonic conditional mean functions
@ applications in many areas:

biology, medicine, statistics, psychology, genetics
(see. e.g. Luss, Rosset & Shahar (Ann. Statist., 2012))
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Classical isotonic least squares estimator: Details

Alternative representation of fo:
If x e {X1,...,Xn}, then (Brunk, 1955)

(%)

max mln Avy(Ln U)
U: xeU L: xelL

= mxlgL Jnax Avy(Ln U),
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Classical isotonic least squares estimator: Details
Alternative representation of fo:
If x e {X1,...,Xn}, then (Brunk, 1955)

f, = Avy (L
() Umfexu melg vr(LnU)

= mxlgL Jnax Avy (LN U),

where SV 1(h < S)
A _ =1 Te LU €
vy (%) #{t<n I eS}’

o L lower set
(yel,z<sy=2zel)

@ U upper set
(yeU,z>xy = zel)

@ z<y means z; <Yy
Vi=1,...,d

Neumann (Jena) Isotonic regression September 9, 2020

7/15



Classical isotonic least squares estimator: Details
Alternative representation of fo:
If x e {X1,...,Xn}, then (Brunk, 1955)

f, = Avy (L
() Umfexu me|£ vr(LnU)

= mxlgL Jnax Avy(Ln U),

where SV 1(h < S)
A _ =1 Te LU €
vy (%) #{t<n I eS}’

o L lower set
(yel,z<sy=2zel) v

@ U upper set
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A modified estimator

o d=1: f, can be easily analyzed, rate of convergence n~
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A modified estimator

If x ¢ {h,..., I}, take care that only averages over rectangles [a, b] with
[a,b]n{h,...,In} # @ are taken ...
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A modified estimator

If x ¢ {h,..., I}, take care that only averages over rectangles [a, b] with
[a,b]n{h,...,In} # @ are taken ...

Then:
o fn, f,isotonic (by construction)

@ converge with desired rate, no bandwidth choice required
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A modified estimator

If x ¢ {h,..., I}, take care that only averages over rectangles [a, b] with
[a,b]n{h,...,In} # @ are taken ...

Then:
o fn, f,isotonic (by construction)

@ converge with desired rate, no bandwidth choice required

Proposed estimator: 3
Fo(x) + fo(x)

AORRE
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Main result: What could be expected?

o f: [0,1]9 — R isotonic + bounded (+ differentiable)
= [ 2L110if] < oo,
i.e. degree of smoothness 5 =1
= (standard) rate of convergence n~%/(28+d) = p=1/(2+d)
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Main result: What could be expected?

o f: [0,1]¢ — R isotonic + bounded (+ differentiable)
i.e. degree of smoothness 5 =1

= (standard) rate of convergence n~%/(28+d) = p=1/(2+d)

@ No guarantee for a good pointwise behavior!

@ Since smoothness is measured in L1, we consider Li-loss, [ |f,—f] dpPh
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Main result (... a special case)

Yt = f(lt) + €t,

e f: RY = R isotonic, bounded
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Main result (... a special case)

Yth(It)+€t, t=1,...,n,

f: RY - R isotonic, bounded
(I¢)ten stationary, I; has a continuous distribution,

E(€t|/1,...,/t,51,...,6t_1) =0 a.s.,

E(E% | /15"'7lt7617"'78t—1) < M < oo a.s.
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Main result (... a special case)

Yt:f(lt)+€t, t=1,...,n,

f: RY - R isotonic, bounded
(I¢)ten stationary, I; has a continuous distribution,

E(8t|/1,...,/t,51,...,6t_1) =0 a.s.,

E(€%|/1’,,,,/“51,...,81_-_1)SM<OO a.5.
C@Q®®Qy(-) < P(lte)<Tc@®® Qqy("),

for some 0 < c <T< o0, Q1,...,Qy probability distributions

(It)¢ strong (a=) mixing, ¥, rf2a(r) < oo
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Main result: A special case

@ information variable /; has a density, bounded from zero on [0,1]9
o h,=n"Y*d) (5 optimal bandwidth)
e D,=[hy,1-h,]?
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Main result: A special case

@ information variable /; has a density, bounded from zero on [0,1]9
o h,=n"Y*d) (5 optimal bandwidth)
e D,=[hy,1-h,]?

Theorem 3.1.

[0 - e - ).
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Proof of Theorem 3.1

Ln |?:1(Z) - f(2)| dP"(z2)
) /Dn (fa(2) = f(2)), dP" (2) + fDn (fa(2) - f(2))_dP"(2)
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) [Dn (fa(2) - f(2)), dP"(2) + fon (fa(2) - f(2))_dP"(2)

For appropriate b, = b,(z) > z:

(fa(2) - f(2)),
< (mmav(land - @)

< (f(bp) - f(2)) + (;paa;;Avs([[a, bn}]))+
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Proof of Theorem 3.1 (cont'd)

Since sup, f(z) —inf, f(z) < oo,

fDn (F(bn) - £(2)) dP"(2) = O (n YD),

Theorem 1 of Bickel & Wichura (1971) (on fluctuations of an empirical
process...):

—[D,, (maéAVa([[a, bn]]))+ dP’t(z) = Op (n—l/(2+d)).

a: ax
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Summary

e Time series regression: (general case)

Ytzf(lt)‘i‘&t, t=1,...,n

o It =(X{,Z{)!, X; e Ng, Z g-dim., continuous

o f: RP*9 - R isotonic and bounded

Neumann (Jena) Isotonic regression September 9, 2020

15 / 15



Summary

Time series regression: (general case)

Yt:f(lt)'i‘&t, t=1,...,n

le = (X{,Z])", Xt € N§, Z¢ g-dim., continuous
f: RP*9 - R isotonic and bounded
f, (modified) nonparametric isotonic estimator

no choice of smoothing parameter required

rate of convergence: n~1/(1*9) (optimal for degree of smothness
B =1, dimension q)
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