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The simple perceptron

Introduction to Deep
Learning

Dendrite

Corps cellulaire
Axone
’

Originating from the analogy with biology, the formal neuron was introduced by
McCullogh and Pitts in 1943. It is defined as follows :

m Realinputs x;,i € {1,--- ,d}
m Weights W;,i € {0,--- ,d}

The weights W is related to a constant input, the opposite of W, can be seen
as a threshold value, beyond which the neuron is activated.
The neuron performs the following two operations by computing :

J. Rynkiewicz

Introduction

Terminaison neuronale

Its potential : Wy + 39, Wix;
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Originating from the analogy with biology, the formal neuron was introduced by
McCullogh and Pitts in 1943. It is defined as follows :

m Realinputs x;,i € {1,--- ,d}
m Weights W;,i € {0,--- ,d}

The weights W is related to a constant input, the opposite of W, can be seen
as a threshold value, beyond which the neuron is activated.
The neuron performs the following two operations by computing :
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Introduction

Terminaison neuronale

Its potential : Wy + 39, Wix;
A lts activation, thanks to an activation function ¢ : ¢ (Wo + Zfﬂ W,-x,-)
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The formal neuron

Introduction to Deep
Learning

The weights W; represent the synaptic weights, T := Wy + Zf; Wx; is the
potential and Fy/(x) := ¢ (T) the output of the axon. The activation functions
o — ¢ : R — R are generally non-linear, for example the sign function or the
family of sigmoid functions.

J. Rynkiewicz

Sign function
¢(x)=1six>0
¢(x)=—-1six<0

W
O
o)
T
. ®
W Sigmoid fun%io?
— 8= .
¢ (x) = Cog 0 c,k>0
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Linear classificiation
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v Let St and S~ be two subsets of RY. These two sets are linearly separable if
e and only if, W = (W, - - - , W) € RI+! exists such that :

Linear model vx € St Wy + 271:1 Wix; >0
VX eSS Wy + X%, Wix; <0

A perceptron Fy, with sign function for activation function can separate these
two sets :
Fw(x)=1sixe St
Fw(x)=—-1sixe S~
Learning of the perceptron
H} We initialize the weights randomly
B Attime t a vector x is presented, let e > 0.
m If Fy(x) = 1 instead of —1:

vie{tl,---,d} Wit +1) = Wi(t) + ex;
m If Fy(x) = 1instead of —1:
vie{l,---,d}:Wi(t+1)= W(t) —ex;

m If Fyy(x) gives the right answer, the wheights are unchanged.
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Linear classificiation

Introduction to Deej . .
Ty Let St and S~ be two subsets of RY. These two sets are linearly separable if

andonly if, W = (W, - - - , Wy) € Rt exists such that :

J. Rynkiewicz

VX€8+2W0+27:1 Wix; > 0
Linear model Vx eS8 Wo + 27:1 VV/'X[ <0

A perceptron Fy with sign function for activation function can separate these
two sets :
Fw(x)=1sixe ST
Fw(x)=—-1sixe S~
Learning of the perceptron
H} We initialize the weights randomly
B Attime t a vector x is presented, let e > 0.
m If Fy(x) = 1instead of —1:

vie{1,---, d} s Wit + 1) = Wi(t) + exi
m If Fy(x) = 1instead of —1:
vie{tl,---,d} : Wi(t+1) = Wi(t) —ex;

m If Fyy(x) gives the right answer, the wheights are unchanged.

The weight vector of the perceptron will converge after a finite number of
iterations.
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Linearly separable problem
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The perceptron will find one of the lines that separates the two sets to be

Linear model classified.
Q-1

Al
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Limitation of the simple perceptron
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The perceptron cannot solve non-linear problems :
Le probléeme XOR

Linear model

ao
Al
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Limitation of the simple perceptron

Introduction to Deep

Learning
J. Rynkiewicz The perceptron cannot solve non—Imea( problems :
Le probléme XOR
Qo :
Linear model Al

Note : We can manage to separate this set linearly if we work in the
superset :{x, y, xy}

X+y—05—-2xy >0si(x,y) € {(0,1),(1,0)}
X+y—05—2xy <0si(x,y) e {(0,0),(1,1)}
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The multilayer

perceptron

The multilayer perceptron (MLP)

fo (x1,X2) = &
+age (Wip + X1 X Wyg + Xo X Woq)
+apg (Woo + X1 X Wor + X2 X Wep)
+aze (Wap + X1 X Wa1 + Xo X Wa2)
where ¢ is the activation function.
In the sequel, 0 = (wqg,--- ,an)
will be the parameter vector of the
MLP.

Théoreme

Let fy be a multilayer perceptron with one hidden layer, where ¢ is a strictly
increasing bounded function. Let K be a compact subset of R™.

Then, for all function f continuous with compact support (f € C(K) ),

f:R™ — RS and for e > 0, an MLP with N hidden units exists with parameter
vector 0, such thatV (xq,- -+ ,Xm) € R™

||f(X1,~-~ ,Xm)—fg()ﬁ,"' ,Xm)“ <€
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Estimation of MLP’s weights

Introduction to Deep
Learning

We have a sequence of observations (xt, yt)1<t<n- Xt are the explanatory
S llvokienicz variables and y; the variables to be explained. Estimation amounts to
minimizing the empirical mean of a cost function in 6 :
Cn(0) = 7 Stq e(fo(x), 1) == 2 Sy e
Cost functions :
E Régression
m Ify €R, e = e(fo(X), y1) = (fo(x) — y1))2.
m Ify, € RS, e = e(fo(x1), vt) = ||Ifa(xt) — y1)||, the Euclidean norm.

Estimation

J. Rynkiewicz Introduction to Deep Learning



Estimation of MLP’s weights

Introduction to Deep
Learning

We have a sequence of observations (xt, yt)1<t<n- Xt are the explanatory
S llvokienicz variables and y; the variables to be explained. Estimation amounts to
minimizing the empirical mean of a cost function in 6 :

Cn(6) = 7 Sy elfo(x), y1) = 3 2y e

Cost functions :
E Régression
m Ify €R, e = e(fo(X), y1) = (fo(x) — y1))2.
m Ify, € RS, e = e(fo(x1), vt) = ||Ifa(xt) — y1)||, the Euclidean norm.
B Classification
mlfy, e (1, - ,K),for K classes.
The MLP will have K outputs (f’ (x,)) - We will have

Estimation

Po(Ye=k|X =x) = ex"( (ij)) and the conditional log-likelihood :
exp(fy
n K
lo(-.) =D "> " 1k(y) log (Po(Y: = k|x))
t=1 k=1

m So the “cross entropy” cost function (opposite of the log-likelihood) :

exp (5 (x, ))
— ol 1) = — T8, 1) 10 —2LB00)
er = e(fo(xt), y1) 2 k=1 [ k(yt) log =K, exp(fé(X[))
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Computation of the gradient

Introduction to Deep

Learning
Xn

J. Rynkiewicz m For fixed observations (( ;1 ) S, ( y )),we seek to minimize
n

the function 0 — Cn(0) = 1 327, e(fs(Xt), yt), where 6 € RY. We can
only approximate the solution numerically. For this purpose, we compute

ivati . Delfy (xt). 1)
cop the derivatives for t € {1, ,n} of ( 50, )1§i§d and we proceed
Estimation numerically.
m To illustrate this computation, we will consider an elementary model with

X
xt:( x;: )etyte{0,1}:

X > > O P(Y=1)
O P(Y=0)
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Elementary MLP Example

Introduction to Deep

Learning
J. Rynkiewicz The Elementary MLP : x = ( 2 ),y, €{0,1}and 6 = (W]y, -, W5,):
e(fo(x),¥) = =101 (¥) In(pro(x1, X2)) — 1513.(¥) In (P26 (X1, X2))
with

. 1 _ X1
m The first layer z' = ( X )

Estimation

1 1 1
m The second layer 22 = g?(W'z") = ( tanh(wy; Xg + Wi,Xp + W) )

1 1 1
tanh(Wy, X1 + Wy Xo + Wy)

. 0
m The third layer z8 = ( 5;20; = 3(W22%) =
e>‘F’(""121212"""’12225‘*'""120)
exp(w2, 22+ w2, 22+ w2 )+exp(w2, 22+ w3, 22+ w3,
eXP<2W§1z12+W§225+W§o
2 2 el 2 2 ol
exp(Wiy 25 +wipz5 + Wiy ) +exp (w5, 25 +ws, 25 +wh, )

m The cost function e (( z; ) ,y) = —150;(¥) In(p1) — 1131(¥) In(p2)
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Computation of the derivative (1)
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J. Rynkiewicz 1 2 .
] For_all parameter 6; € {w,,,--- , W5, }, we can use the computation
chain :

delfp(n).y) _ ello(x).y) 82 025 | della(x).y) 07 07

90; =R 073 822 9

setmeten dellp(x).y) 0 0zF | delly(x).y) 03 0z
00;

0z5 022 0z3 928 99
but this calculation is redundant, the colored quantities appear several
times.

m We can still notice that, for the cross entropy, the derivative with respect to
the output of the neural network is easily obtained :

oe(z,y)

0z 7Y

where, with a slight abuse of notation, z is the output vector of the network
after application of the softmax function and y is the class encoded on the
simplex (one-hot encoding).
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Computation of the derivative (2)
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m The back-propagation algorithm computes first and without redundancy
sL — 2elfa(x)y) .
; :

BziL
stimation L+1 L+1
- gt = 260(,) _ 5~ 0e(lo().y) 047 g%
! ozt ; le.L+1 ozt ; I ozt
m Since zH1 = ¢l (WEZL), with
S (U) = (6441 (ur), -+, 65 (Ugy,,) - We get
) L+1
;z = ¢'HT(WLzly,; wj: with
;
¢/L+1 (U) _ (¢/L+1 (U1 )7 . 7(z)/L+1( ou[))
; L 0ellp(x).y) _ - 0ello(x).y) 05 111977
m We easily deduce : giwf'; =3 3271 S Z/ 0; aw,/4
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Matrix expression of the derivative computation

Introduction to Deep We can summarize the computation of the derivatives with matrices for an MLP
e with N layers :
J. Rynkiewicz ™ Propagation :
ZH = gty L =1, N

m Back-propagation, with for two vectors u, v of RY,

Uxv=(Uv, -, Ugvg)" :
sstnatn ot = (WETSb) s g/ (WE12E 1) L= N, - 2
ot N+ (ae<fem)1,y)> « ¢/ (WL,
82,- 1 S"Sdoutpul
m Computation of the gradientfor L=1,--- /N :
(ae(g;()z),y)) — 5t gzt
"I/ A<i<dow, 1<j<dh,
9e(fy (x).y) — sl+t
Bw’% . ’
1<i<dout
where ® is the external product for two vectors : v € R, u € R™,
ViUq s Vilm
veu= .
Vnly cee VnUm
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Application to elementary MLP

Introduction to Deep

Learning

J. Rynkiewicz In our basic example, N = 2 and if we code y on the simplex : 0 := ( (1) )
0 .
and 1 := ( 1 ) we get :

1_ (X
- mz = .
Estimation Xo

m z2 = tanh(W'Z2").
m 23 = softmax(W?z?).
ml=(B-y)xBx(1-2).

"= <W2T63> x ¢2(Wiz') =

wre)«(1)-#)- (1))

oe(fp(x).y) _ 53 2 [ de(fy(x).y) _ 53
m (| —2500 =6° ® z°, (7) =4
( 8w§ ow2 1<ic2

Ty (ae(gev(vp,n) _ 52
1<i<2

)1§ i<2,1<j<2

. (ae(fe(x),m)
owl !
1 Jagice <)<z o
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Modular approach of derivatives computation

'""°"Eg:r°n'}n'; Deep We see that, to compute the derivative of the cost function with respect to the
weight, it is sufficient to propagate the z' to backpropagate the 6L and perform
the computations inside the layer. We can thus build a complex network by
stacking the layers and sending the results of the calculations of a layer to the
possible following and previous layers.

J. Rynkiewicz

N+1
1
Estimation
de(fg(x.y))
Couche N ~N
dw
A
D)
® 5L+1
de(f 5 (x.y))
Couche L T
dw
ite i
[ J
° )
de(f g (x.y))
Couche 1 1
dw
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Differential optimization

Introduction to Deep For each pair (xt, yt), we can compute, thanks to the backpropagation

Lonon
caming algorithm, the derivatives (g—g), thus the gradient vector : Ve;. We can use

this gradient to estimate the optimal weights in several ways In all cases, we
randomly choose 6(0) (the components of §(0) must be non-zero).
By a stochastic gradient descent (on-line).

J. Rynkiewicz

Estimation

B By a batch gradient descent (off-line). This method is no longer used in
Deep Learning because the number of parameters and the number of
observations is too large.

B By a mini-batch gradient descent of size B (between on-line and off-line).
This is the preferred method for Deep Learning because it allows to
parallelize the computations.
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Differential optimization

Introduction to Deep For each pair (xt, yt), we can compute, thanks to the backpropagation
Learnin
L Rk gc algorithm, the derivatives (% , thus the gradient vector : Ve;. We can use
. Rynkiewicz i
this gradient to estimate the optimal weights in several ways In all cases, we
randomly choose 6(0) (the components of §(0) must be non-zero).
By a stochastic gradient descent (on-line).
m Vt e {1, .-, n} update the parameter vector :
Estimation O(t+1) =0(t) — err1Ver

B By a batch gradient descent (off-line). This method is no longer used in
Deep Learning because the number of parameters and the number of
observations is too large.

m V/e {1,--. L} update the parameter vector :

1 n
0/ +1)=0(I) — €11 5 Z Vet
=1

B By a mini-batch gradient descent of size B (between on-line and off-line).
This is the preferred method for Deep Learning because it allows to
parallelize the computations.

m V/ e {1,.-., L} update the parameter vector :
t=Ix(B+1)
0/ +1) = 6(I) — 144 5 > Ve
t=IxB+1
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Stochastic algorithm

t=Ix (B+1
0+ 1) = 6(1) — &1 S04 vey

Introduction to Deep
Learning

J. Rynkiewicz

This algorithm is the standard Deep Learning algorithm.
m If the sequence ¢; checks :

Estimation Zst — 0o et Ze? < 00
t=1 t=1
and (0(/)),en stays bounded.

m The stochastic gradient algorithm converges almost surely to a local
minimum of § — C(9) = E [e(fy(X), Y)] when the number of
observations increases towards infinity.

m In practice, e; remains constant over tens of iterations and decreases
slowly while remaining greater than 106,

m As we do not have an infinite number of observations, the algorithm has to
go over the same data several times.
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Acceleration of the stochastic gradient

Introduction to Deep
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® Momentum : This method stores the update at each step and computes
the next one as a convex combination of the gradient for the new
mini-batch and the previous modification
Al +1) = ab() + (1 —a)y ST vey
9(/"1‘ 1) = 9(/) — E/+1A(/+ 1)
m Adagrad or Adam : These algorithms improve the stochastic gradient
method by automatically determining a learning rate for each parameter.
m Letus write G = ¥ Ve (Ver)T the estimated covariance matrix of Ve.
m The diagonal of Gwill be G ; = S5, Vef, which is updated after each
mini-batch.

m Let us write € the step of the gradient algorithm. Each parameter will be
updated according :

Estimation

(Ver);

\ /G, !

m Large parameter updates are mitigated while small changes are made with a
higher learning rate.

m Adam is an adaptation of Adagrad with an exponential forgetting of the old
gradients.
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Batch algorithm

0(t+1) =0(t) — erp1 2 Sfy Ve

Introduction to Deep
Learning

J. Rynkiewicz

If ¢+ is small enough this algorithm is sure to converge to a local minimum of
Estimation

0 — E[C(f(X), 2)].
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Batch algorithm

0(t+1) =0(t) — erp1 2 Sfy Ve

Introduction to Deep
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If €141 is small enough this algorithm is sure to converge to a local minimum of

0 — E[C(fp(X),2)].-
Estimation
Acceleration
Modification of the descent direction by estimating the inverse of the Hessian.
The two most popular algorithms are BFGS and Levenberg-Marquardt (LM).
m The LM is only applicable to quadratic cost functions. It performs better
than BFGS if the MLP has only one output.
m In the multidimensional case the BFGS is generally faster.
m Both algorithms provide an estimate of the inverse of the Hessian matrix.
These methods are generally no longer suitable for Deep Learning because
the number of parameters and the number of observations are very large.
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The overfitting

Introduction to Deep
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m Stochastic optimization algorithms work well in practice. They often
converge to a very good local minimum of the cost function.

The overfitting m As these models have many parameters, there are often more parameters
than observations, so we must be careful about overfitting.

m Overfitting corresponds to a too close or exact fit to a particular data set.

The model learns "by heart" the training data and cannot generalize on
new data.

m Formally :
m The algorithm minimizes “very well” 6 — Cn(6) = 15 S e(fo(xe), )
m but the chosen & will give a big generalization error E(e(f3(X), Y)).
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An example of overfitting

White noise
Introduction to Deep
Learning
J. Rynkiewicz We draw a sample ((x¢(1), xt(2), ¥1)1<<30, Where (X1, Xz, Y) ~ N(0, /3) and

we try to predict the variable Y according to the couple (X1, X2). Since Y is inde-
pendent of (X7, X2) and centered, the best prediction is zero : E (Y | X1, X2 ) =
0.

library (nnet)

Examples of overfitting library (rgl)

set.seed (1)

x <— matrix (rnorm(60),30,2)

y <- matrix(rnorm(30),30,1)

res.mod <- nnet (x,y,size=10,nbstart=10,maxit=1000, linout=T)
xp <- runif (10000, min=min(x[,1]),max=max (x[,1]))

yp <- runif (10000, min=min(x[,2]),max=max (x[,2]))

matp <- cbind(xp,yp)

mod.pred <- predict (res.mod,matp)
plot3d(c(-2,-2,2,2),c(-2,2,-2,2),c(20,20,-20,-20),type="n", ax
points3d(xp, yp,mod.pred, col="green")
spheres3d(x[,1],x[,2],y,radius=0.5,col="red")
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Another example of overfitting (1)

Still a white noise

Introduction to Deep
Learning
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m Now, we draw an i.i.d. sample of large dimension and size :
((Xt, Y)1<t<1000000 OU (Xt) ~ N(0, hooo) and Yy ~ N (0, 1), is
independant of X;. We try to predict the variable Y according to the
variable X. Since Y is independent of X and centered, the best prediction
Examples of overfitting is zero | E (Y |X) =0.

m We train five different neural networks. All networks have two hidden
layers and ReLU activation functions : ¢(x) = max(0, x). These models
differ in the number of hidden units on each layer : from 23 to 27.

m Each model is optimized by the stochastic gradient method, with a
mini-batch of size 64, a momentum of 0.9 and a constant step of 0.01.

m To evaluate the overfitting, we evaluate the estimated model on 100000
test data independent of the training data.
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Another example of overfitting (2)

Still a white noise

Introduction to Deep
Learning
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The results are as follows :

TABLE — Comparison of the different architectures

Nb Nb de data set mean square error
Examples of overfitting hidden units parameters

23 16089 learning 0.72
test 1.31

P 32305 learning 0.47
test 1.67

25 65121 learning 0.15
test 2.62

28 132289 learning 0.06
test 2.16

27 272769 learning 0.02
test 1.61
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Regulation of the MLP
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m We need a way to control the modeling power of the MLP.

m We limit its complexity, but we must be careful to let it be able to model a
possibly very complicated problem.

m A compromise is sought between complexity (variance) and modeling
(bias).
During deep network learning
Next lesson m Weights decay
m Drop out
m Batch normalization
m Early stopping
m Mixup
Selection of the best model
m Best error on a validation set (hold out).

m This method is almost optimal if enough data are available for the
classification.
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